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Spin-1/2 and spin-3/2 field solutions in plane wave spacetimes
O¨zgu¨r Ac¸ık∗
Department of Physics, Ankara University,
Faculty of Sciences, 06100, Tandog˘an-Ankara, Turkey
We have found two non-trivial massless Dirac and two massive Rarita-Schwinger solutions in plane
wave spacetimes. The first order symmetry operator transforming one of the massless Dirac solution
to the other is constructed. The only non-vanishing spinor bilinear generated by the standard spinor
basis is obtained and algebraic relations between the induced parallel forms are demonstrated. It is
also seen that the spin-3/2 norm of the Rarita-Schwinger solutions enforces to the massless sector.
PACS numbers:
I. INTRODUCTION
Propagating solutions of the gravitational field equations of general relativity are termed as gravitational wave
spacetimes. This class of spacetimes include plane fronted waves which have many interesting collision properties
[1]. They carry non-zero energy and momentum and describe the helicity-2 graviton states [2]; the scattering of
spinning classical test particles from them is also a vast subject of its own and can be thought as a continuation of
the era opened by Mathisson, Fock, Papapetrou, Dixon and others [3]. The propagation of Dirac fields have been
analyzed in this class and solutions to the Dirac equation have been found [4]. This suggests the uncovering of other
solutions by considering the first order symmetry operators in curved spacetimes [5] which depend on the existence
of the hidden symmetries of spacetime [6]. The solutions of Dirac equations are considered as if the Dirac fields are
taken as test fields and their reaction on the curvature are neglected; this is because the Einstein-Dirac coupled field
equations are problematic in many cases [7]. The plane wave Dirac solutions appear in two categories, massless [8]
and massive [4]. Both categories are based on the existence of a specific kind of spinors, namely parallel spinors
that are defined with respect to the spinor connection over the spinor bundle induced from the ordinary Levi-Civita
connection on spacetime. These mentioned constructions are easily generated by functional linear combinations or
functional multiples of the parallel spinors, where the latter function includes a mass factor for generating the massive
sector.
Einstein-Rarita-Schwinger coupling is also problematic in many respects both in classical and quantum levels. For
example the minimal coupling of Rarita-Schwinger field to a background gravitational field leads to a constraint
which gives a trivial solution if the spacetime is not an Einstein space, i.e. the Ricci tensor is not proportional to the
metric tensor field. The quantum theory of the spin-3/2 field minimally coupled to the electromagnetic field violates
unitarity [9]. Although a consistent quantization of spin-3/2 fields in gravitational fields seems to be background
dependent [9], a class of spacetimes like Friedmann-Robertson-Walker type admits the consistency by the help of a
positive definite inner product generating current [10]. Another interesting subject is the spin raising and lowering
procedure in curved spacetimes based on the presence of twistor spinors [11, 21], where it can be shown that a free
Maxwell field can be spin raised to a massless Rarita-Schwinger field by a twistor [12]. This procedure is a direct
generalization for constructing massless Dirac solutions by using twistors [13]. Twistor spinors are also in the forefront
of theoretical physics because of their usage for calculating scattering amplitudes in string theory [14]. It is also known
that conserved charges defined for spin-3/2 fields constitute a twistor space [15].
In the present work we focus our attention to the analysis of massless Dirac spinors and massive spin-3/2 fields
and solve the corresponding field equations in a class of plane fronted gravitational wave spacetimes. Our methods
will be based on the coordinate free techniques gathered in the Clifford bundle formalism of differential forms and
spinors [8, 16–18] rather than the component oriented formalism of spinorial techniques [19–21]. For these reasons we
apply coordinate free pseudo-Riemannian differential geometry and spin geometry techniques throughout the paper
and give a brief review for the tensor spinors in the appendix. The Rarita-Schwinger solutions in this work will be
directly solved without any dependence on the existence of twistors.
The paper is organized as follows. In Section 2 we construct specific bases and co-bases for the plane wave
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2spacetime class that we are considering. We also obtain the curvature characteristics by first calculating the Levi-
Civita connection one forms. In Section 3 we pass to the evaluation of the spinor basis and the related symplectic
inner product. In Section 4, from the manipulation of the spinorial covariant derivatives we show that there are two
explicit parallel spinors inside the basis. Section 5 is devoted to the main result of the paper, namely to the two
massless Dirac and two Rarita-Schwinger solutions. In Section 6 we deal with symmetry, mapping one of the massless
Dirac solution to the other one. Section 7 concludes the paper with a following appendix containing the geometry
and algebra of tensor spinors.
II. SOME BASIS FOR PLANE WAVE SPACETIMES
We consider plane wave spacetime (M, g) with g given locally in (u, v, x, y) coordinate chart by
g = 2
(
du ⊗ dv + dv ⊗ du − 2Hdu⊗ du+ dz ⊗ dz∗ + dz∗ ⊗ dz
)
(1)
where z = x+ iy and H = H(u, z, z∗). It is possible to adopt a null co-basis {na}; a = 1, 2, 3, 4
n1 = du
n2 = dv −Hdu
n3 = dz
n4 = dz∗
and its dual {Yb} with n
a(Yb) = δ
a
b as
Y1 =
∂
∂u
+H
∂
∂v
Y2 =
∂
∂v
Y3 =
∂
∂z
Y4 =
∂
∂z∗
so the metric becomes
g = 2
(
n1 ⊗ n2 + n2 ⊗ n1 + n3 ⊗ n4 + n4 ⊗ n3
)
(2)
and the dual metric reads
g∗ =
1
2
(
Y1 ⊗ Y2 + Y2 ⊗ Y1 + Y3 ⊗ Y4 + Y4 ⊗ Y3
)
.
Another convenient co-basis {ea} and basis {Xb} are the orthonormal ones given respectively by
e0 = (1 +H)du − dv
e1 = dz + dz∗
e2 = i(dz∗ − dz)
e3 = (1−H)du − dv
and
X0 =
1
2
[ ∂
∂u
− (1−H)
∂
∂v
]
X1 =
1
2
( ∂
∂z
+
∂
∂z∗
)
X2 =
1
2i
( ∂
∂z∗
−
∂
∂z
)
X3 =
1
2
[ ∂
∂u
+ (1 +H)
∂
∂v
]
.
3So this time the metric is given by
g = −e0 ⊗ e0 +
3∑
i=1
ei ⊗ ei (3)
and the dual metric by
g∗ = −X0 ⊗X0 +
3∑
i=1
Xi ⊗Xi.
The relation between the null co-basis and orthonormal co-basis is
n1 =
1
2
(
e3 + e0
)
n2 =
1
2
(
e3 − e0
)
n3 =
1
2
(
e1 + ie2
)
n4 =
1
2
(
e1 − ie2
)
which will be useful later on. The connection 1-forms can be calculated from the torsion-free first structure equation
dea = −ωab ∧ eb and the table follows.
ωab
a \ b 0 1 2 3
0 0 An1 Bn1 0
1 An1 0 0 An1
2 Bn1 0 0 Bn1
3 0 −An1 −Bn1 0
TABLE I: Connection 1-forms
The definitive functions are A = 12 (Hz + Hz∗) and B =
i
2 (Hz − Hz∗). All the covariant derivatives ∇Xbe
a =
−ωac(Xb)ec are easily seen to be
∇Xbe
a
e0 e1 e2 e3
∇X0 −
1
2
(Ae1 + Be2) −An1 −Bn1 1
2
(Ae1 + Be2)
∇X1 0 0 0 0
∇X2 0 0 0 0
∇X3 −
1
2
(Ae1 + Be2) −An1 −Bn1 1
2
(Ae1 + Be2)
TABLE II: Covariant derivatives of co-basis
It is clear from Table II that n1 is a parallel form i.e. ∇Xn1 = 0 for all X ∈ ΓTM . The curvature 2-forms can be
calculated from the second structure equations Rab = dω
a
b + ω
a
c ∧ ωcb and it is found that
R01 = R31 =
1
4
Hzz∗(e
0 ∧ e1 − e1 ∧ e3)
R01 = R31 =
1
4
Hzz∗(e
0 ∧ e2 − e2 ∧ e3)
and from iXaR
a
b = Pb the Ricci 1-forms are P0 = Hzz∗n
1 = P3 and P1 = 0 = P2 then the scalar curvature is
R = 2Hzz∗ .
III. SPINOR BASIS AND THE INNER PRODUCT
In this section we use a primitive idempotent P that is a section of the plane wave spacetime’s Clifford bundle C to
project a minimal left ideal, which is equivalent to a section of the real spinor bundle. After constructing the spinor
4basis we seek a skew symmetric (symplectic) inner product for spinors that admits the ξ involution as its adjoint. The
involutions are the main involutary anti-automorphism ξ or its composition with the automorphism η of the Clifford
algebra. The definitions of the above maps can easily be given by considering a homogeneous decomposable element
of length p of the fibre Clifford algebra that is a decomposable p-form α = y1∧y2∧ ...∧yp of the exterior fibre algebra
at any given point. Then αξ = yp ∧ ...y2 ∧ y1 = (−1)⌊p/2⌋α and αη = (−1)pα. It is known that [4] the element
P =
1
2
(1 + e1)
1
2
(1 + e30) (4)
is a primitive idempotent and can naturally be used to build up the desired spinor space. Then a spinor basis {bi}
can be given as
b1 =
1
4
(
1 + e1 − e03 + e013
)
b2 =
1
4
(
e0 + e3 + e01 − e13
)
b3 =
1
4
(
e23 − e02 + e012 + e123
)
b4 =
1
4
(
− e2 + e12 − e023 − e0123
)
where eab... is the abbreviation for ea ∧ eb ∧ ... and one can check that biP = bi for all i. We seek an R-skew product
<,> with involution J ≃ ξ
<,>: CP × CP −→ PCP
ψ, φ 7→ < ψ, φ >
such that
< ψ, φ >= J−1ψξφ
with Jξ = −J and the spinor adjoint is ψ = J−1ψξ. Since PCP is isomorphic to R as a real algebra and there is no
J that preserves P then there is no involution induced on R. The below relations between the spinor basis will be
useful in inner product calculations.
b1 = P
b2 = e
0P = e3P
b3 = e
23P = −e02P
b4 = −e
2P
If we choose J = e23 then the 6 independent inner products are seen to be
<,> b1 b2 b3 b4
b1 0 0 P 0
b2 0 0 0 P
b3 −P 0 0 0
b4 0 −P 0 0
TABLE III: Inner products of spinor basis
It is worth noting that also the necessary property P ξ = J−1PJ is satisfied.
IV. SPINORIAL COVARIANT DERIVATIVES AND PARALLEL SPINORS
We consider the pseudo-Riemannian connection ∇ onM and we also use the same symbol for differentiating spinor
fields, the form given here will also be applicable to the case of non-zero torsion. A covariant derivative ∇X on local
spinor fields can be defined [8] by its action on the basis as
∇Xbi = σXbi (5)
5where
σX =
1
4
ωbc(X)e
bc,
and satisfying the below properties:
(1) ∇fX = f∇X ; ∀f ∈ F(M),
(2) ∇X(aψ) = (∇Xa)ψ + a∇Xψ; ∀a ∈ ΓC(M), ∀ψ ∈ ΓS(M),
(3) < ∇Xψ, φ > + < ψ,∇Xφ >= X < ψ, φ > .
By the help of Table I one finds
σX0 = σX3 =
1
2
(Ae1 + Be2) ∧ n1 =
1
2
(Ae1 + Be2)n1
and the left Clifford action of n1 on the base spinors is
n1b1 = b2
n1b2 = 0
n1b3 = 0
n1b4 = b3
as a result we see that n1 belongs to the intersection of the distribution of null spaces of b2 and b3 i.e. n
1 ∈ Nb2∩Nb3 ;
we also note that n2 ∈ Nb1 ∩Nb4 . Then the covariant derivatives of the spinor basis are given below.
∇Xabi
b1 b2 b3 b4
∇X0 −
1
2
(Ab2 −Bb3) 0 0
1
2
(Bb2 +Ab3)
∇X1 0 0 0 0
∇X2 0 0 0 0
∇X3 −
1
2
(Ab2 −Bb3) 0 0
1
2
(Bb2 +Ab3)
TABLE IV: Covariant derivatives of spinor basis
Table IV shows that b2 and b3 are parallel spinors.
V. MASSLESS DIRAC SPINORS AND THE RARITA-SCHWINGER SOLUTIONS
I.The two parallel spinors can be used to build up massless [8] and massive Dirac spinors [4] in plane wave spacetimes.
If h(u) and g(u) are arbitrary functions of the coordinate u then
ψ = h(u)b2 + g(u)b3
is a massless Dirac spinor satisfying 6Dψ = 0. The Dirac operator is defined by the Clifford contraction 6D := ea∇Xa .
Furthermore it is easily seen that there are two more massless Dirac spinors. e0∇X0b1 =
1
2 (Ab1−Bb4) and e
3∇X3b1 =
− 12 (Ab1 − Bb4) and since e
i∇Xib1 = 0 for i = 1, 2 then
6Db1 = 0.
Similarly e0∇X0b4 = −
1
2 (Bb1 +Ab4) and e
3∇X3b4 =
1
2 (Bb1 +Ab4) and since e
i∇Xib4 = 0 for i = 1, 2 then also
6Db4 = 0.
II. A spinor-valued 1-form Ψ = ψa ⊗ ea is a massive Rarita-Schwinger field if eaψa = 0 and 6DΨ = mΨ such that
the spin-3/2 covariant derivative is defined as
∇XΨ = ∇Xψa ⊗ e
a + ψa ⊗∇Xe
a.
6We propose that Ψk := ∇Xabk ⊗ e
a for k = 1, 4 satisfies the Rarita-Schwinger equations the mass of which is
determined by the analytical properties of the profile function H . We here will start with the proof for k = 1
and then proceed for k = 4 case. For k = 1 our spin tensor clearly is Ψ1 = −
1
2 (Ab2 − Bb3) ⊗ (e
0 + e3) then
∇XaΨ1 =
(
Xa(B)b3 −Xa(A)b2
)
⊗ n1, so 6DΨ1 = (dB.b3 − dA.b2)⊗ n
1. Remembering that A = 12 (Hz +Hz∗) and
B = i2 (Hz−Hz∗) then dA =
1
2
[
(Hzz+Hz∗z)dz+(Hzz∗ +Hz∗z∗)dz
∗+(Hzu+Hz∗u)du
]
and dB = i2
[
(Hzz−Hz∗z)dz+
(Hzz∗ −Hz∗z∗)dz∗ + (Hzu −Hz∗u)du
]
. The left actions of these on b2 and b3 respectively are
dA.b2 = −
1
4
[
(Hzz +Hz∗z)(b2 − ib3) + (Hzz∗ +Hz∗z∗)(b2 + ib3)
]
(6)
dB.b3 =
1
4
[
(Hzz −Hz∗z)(b2 − ib3)− (Hzz∗ −Hz∗z∗)(b2 + ib3)
]
and finally
6DΨ1 =
1
2
[
(Hzz +Hz∗z∗)b2 − i(Hzz −Hz∗z∗)b3
]
⊗ n1. (7)
So
Ψ1 = −
1
2
[
(Hz +Hz∗)b2 − i(Hz −Hz∗)b3
]
⊗ n1
is a Rarita-Schwinger field with mass m if and only if
(Hzz ±Hz∗z∗) = m(Hz ±Hz∗). (8)
An analytical solution of this kind is found to be H(u, z, z∗) = f(u)em(z+z
∗) which certainly annihilates the b3 part
of the spin tensor.
For k = 4 our spin tensor is Ψ4 =
1
2 (Bb2 + Ab3) ⊗ (e
0 + e3) then ∇XaΨ4 =
(
Xa(B)b2 + Xa(A)b3
)
⊗ n1,
so 6DΨ4 = (dB.b2 + dA.b3) ⊗ n
1. dA = 12
[
(Hzz + Hz∗z)dz + (Hzz∗ + Hz∗z∗)dz
∗ + (Hzu + Hz∗u)du
]
and dB =
i
2
[
(Hzz −Hz∗z)dz + (Hzz∗ −Hz∗z∗)dz∗ + (Hzu −Hz∗u)du
]
. The left actions of these on b3 and b2 respectively are
dA.b3 =
1
4
[
(Hzz +Hz∗z)(b3 + ib2) + (Hzz∗ +Hz∗z∗)(b3 − ib2)
]
(9)
dB.b2 =
1
4
[
− (Hzz −Hz∗z)(b3 + ib2) + (Hzz∗ −Hz∗z∗)(b3 − ib2)
]
and finally
6DΨ4 = Hz∗z∗b3 ⊗ n
1. (10)
So
Ψ4 =
1
2
[
i(Hz −Hz∗)b2 + (Hz +Hz∗)b3
]
⊗ n1
is a Rarita-Schwinger field with mass m if and only if
Hz = Hz∗ , Hzz = mHz. (11)
However, since the spin-3/2 norms of these solutions are vanishing, this means that the physical solutions should be
massless.
VI. SYMMETRY CONSIDERATIONS
We here assume a first order symmetry operator [22]
Lω = e
aω∇Xa +
p
p+ 1
dω −
n− p
n− p+ 1
d†ω (12)
7that maps b1 to b4 and which has degree 1. Since L∗ω is also a symmetry operator the degree 3 case will be a
result of the degree 1 case, but the degree 2 case will be analyzed elsewhere. Here d† is the co-derivative and for the
pseudo-Riemannian spacetimes d = ea ∧∇Xa and d
† = −iXa∇Xa . Let us calculate dω, d
†ω and Qω := e
aω∇Xa for a
general 1-form ω. If we write
ω = αe0 + βe1 + γe2 + δe3
then
dω =
αu
2
e30 − βue
1n1 − γue
2n1 −
δu
2
e30 − αze
0n3 −
iβz
2
e12 −
γz
2
e21 (13)
− δze
3n3 − αz∗e
0n4 +
iβz∗
2
e12 −
γz∗
2
e21 − δz∗e
3n4
which can more compactly be written as
dω =
(αu − δu)
2
e30 −
i(βz − βz∗)− (γz + γz∗)
2
e12 (14)
− (βue
1 + γue
2)n1 − (αze
0 + δze
3)n3 − (αz∗e
0 + δz∗e
3)n4.
The co-derivative part heavily simplifies because
iXa∇Xae
0 = 0
iXa∇Xae
1 = −A(iX0n
1 + iX3n
1) = 0
iXa∇Xae
2 = −B(iX0n
1 + iX3n
1) = 0
iXa∇Xae
3 = 0
so
d†ω =
1
2
(αu − (βz + βz∗) + i(γz∗ − γz)− δu). (15)
The Qωb1 can be calculated as
Qωb1 = A(α− δ)b2 − B(α− δ)b3. (16)
Finally
Lωb1 = A(α − δ)b2 − B(α− δ)b3 +
1
4
(αu − δu)b1 +
1
4
(2βu − αz − δz − αz∗ − δz∗)b2 (17)
+
1
4
(−2γu + i(αz + δz − αz∗ − δz∗))b3 +
1
4
(γz + γz∗ − i(βz − βz∗))b4
−
3
8
(αu − βz − βz∗ + i(γz∗ − γz)− δu)b2 = b4
which gives
[
δu − αu + 3βz + 3βz∗ − 3i(γz∗ − γz)
]
= 0 (18)[
4A(α− δ) + 2βu − αz − δz − αz∗ − δz∗
]
= 0[
− 4B(α− δ) + 2γu + i(αz + δz − αz∗ − δz∗)
]
= 0[
γz + γz∗ − i(βz − βz∗)
]
= 1.
This set of first order linear partial differential equations determine the general solution, but if we assume that α = δ
then a special solution for the symmetry covector is found to be
ω = 2(z + z∗)[du − dv + i(dz∗ − dz)] + 2u(dz∗ + dz). (19)
8One can show that the only non-vanishing singled bilinear corresponding to the standard spinor basis is
b2b2 = −2(1− e
1)n1e2,
generated by one of the parallel spinors, namely b2; so by defining Ωp := (b2b2)p; p = 2, 3 then it is found that
Ω3 = 2e
1n1e2 and Ω2 = 2e
2n1. Together with Ω1 := 2n
1, these constitute a set of null parallel forms over the
plane wave spacetime. Since the null direction is determined by the vector field n˜1, these forms can be interpreted as
conserved quantities of parallel propagating null (p-1)-branes along n˜1. This set of null parallel forms are related to
each other by the following algebraic relations
iX1Ω3 = Ω2 , iX2Ω2 = Ω1.
VII. CONCLUSION
We first considered solutions of the massless Dirac equation in plane wave spacetimes and found two solutions
apart from the ones generated by parallel spinors. Later on we focused on the solutions of Rarita-Schwinger equation
where we have built up spin tensors out of the massless Dirac spinors that we obtained before and reached massive
Rarita-Schwinger solutions. The mass parameter of the field come out as a consequence of some constraint equations
containing the profile function of the plane wave spacetime; which also included the massless limit. This limit is
presumed to be more physical than the massive case because of the self inner products of the Rarita-Schwinger fields
that give null spinor-valued one forms. Our next consideration was the first order symmetry operators of the massless
Dirac equation transforming the solutions that we have obtained and at least a symmetry generating covector field
is calculated. It is interesting to note that since our solutions Ψ = ψa ⊗ ea satisfy P a.ψa = 0, the plane wave
spacetime class is convenient for the quantization of spin-3/2 fields non-minimally coupled to the gravitational field [9].
Another supporting result for our solutions in classical gravity is that the last condition also appears as an algebraic
constraint equation in the search for creation of spin-3/2 particles in strong gravitational fields, while the minimal
coupling to electromagnetic interactions are turned off [23]. It is also believed that an intuitive understanding of
spinor-valued gauge fields requires the construction of solutions to the definitive equations in classical backgrounds.
For this aim our solutions can be thought as the solutions for the limiting equations of coupled Einstein-Rarita-
Schwinger theory which decouple for a convenient gauge fixing of the fermionic sector [24]; though this has to be
worked out separately. In the last reference [24] the non-triviality of the Rarita-Schwinger field solutions are thought
to be the sources for the non-triviality of the topology for the classical background; which for our case indicates
possible different topologies for the plane wave geometry. Although the Penrose’s result for the correspondence
between the conserved charges of spin-3/2 fields and flat twistor space [15] breaks down for curved spacetimes [25],
and since Killing spinors are particular twistors that can be use to generate Rarita-Schwinger solutions in constant
scalar curvature spacetimes [26], another relation between twistors and spin-3/2 conserved charges can then be found.
Gauged versions of the Rarita-Schwinger solutions can also be considered as future work, though it is known that the
minimally gauged massless Rarita-Schwinger field yields a consistent classical theory [27].
Appendix A: Tensor spinors
Independent of the dimension and signature, the higher dimensional half-integer representations of the spin group
can be constructed by tensoring the tensors over an inner product space with the spinors of the associated Clifford
algebra. These tensor spinors could also be thought of as spinor-valued tensors [8]. A first example for tensor spinors
can be given by spinor-valued 1-forms over a pseudo-Riemannian spacetime assumed as a spin manifold (M, g). If ea
is any co-frame and bi is any standard spinor frame then one can write
Ψ = ψa ⊗ e
a
or equivalently
Ψ = bi ⊗ ψ
i
where the spinors ψa’s and 1-forms ψ
i’s are defined respectively as ψa = biψ
i
a and ψ
i = ψiae
a.
In four spacetime dimensions the complex Clifford algebra is isomorphic to the algebra of 4 × 4 complex matrices
C(4) and the even algebra is isomorphic to C(2) ⊕ C(2) whereas the real subalgebra is isomorphic to R(4). The
9irreducible representations of these algebras are carried respectively by complex (Dirac) spinors, complex semi-spinors
(Weyl/chiral spinors) and real (Majorana) spinors. Since z2 = −1 for Lorentzian signature we can choose ψa’s as
chiral spinors satisfying izψa = ψa, hence they carry irreducible representations of the spin group SL(2,C). 1-forms
Clifford anti-commute with the volume form z, then they can be thought of as (1, 1) tensors on spinors changing
the semi-spinor components under their left Clifford action. Consequently we may regard spinor-valued 1-forms as
bidegree (1,2) tensors on spinor fields. If u and v are two chiral spinors lying in the same component with ψa, then
one can define
Ψ(u, v) := (u, ψa)e
a.v.
It turns out that irreducible SL(2,C) representations are carried by spinor-valued 1-forms that are totally symmetric
in their covariant and contravariant arguments separately [21]. This is equivalent to saying that the spinor-valued
1-form is an irreducible spin tensor if it is ”traceless”:
ea.ψa = 0.
For example if we assume that ψ satisfies the Weyl equation 6Dψ = 0 then Ψ is traceless if ψa := ∇Xaψ.
The covariant derivative ∇X on spinors and tensors can be extended by the Leibniz rule to a covariant derivative
on spinor-valued 1-forms, also denoted by ∇X , as
∇XΨ = ∇Xψa ⊗ e
a + ψa ⊗∇Xe
a.
A higher half-integral spin representation of Clifford algebra on spinor-valued 1-forms can be defined by
a.Ψ := (a.ψb)⊗ e
b.
Then with the tracelessness condition the Dirac-like equation
6DΨ = mΨ
constitute the spin 3/2 Rarita-Schwinger equation. A spinor-valued p-form can likewise be defined as
Ψ := ψI(p) ⊗ e
I(p)
where I(p) is an ordered multi-index for a p-form basis. If a is any q-form and Ψ a spinor-valued p-form then a
spinor-valued p+ q-form can be build up from them as
a ∧Ψ = ψI(p) ⊗ a ∧ e
I(p).
The covariant derivative is again extended to this sector by the Leibniz rule and the spinor covariant exterior derivative
D maps spinor-valued p-forms to spinor-valued p+ 1-forms:
DΨ = ea ∧ ∇XaΨ.
If {bi} is a standard spinor frame and {ψi = ψiI(p)e
I(p)} a set of p-forms then Ψ may be expanded as
Ψ = bi ⊗ ψ
i
and equivalently the spinor exterior covariant derivative can be written as
DΨ = dΨ + ω.Ψ
where dΨ := bi⊗ dψi and ω is the Clifford-valued connection 1-form ω :=
1
4e
pq ⊗ωpq. If nA(q) =
∑
r(n
A(q))J(r)e
J(r)’s
are arbitrary Clifford forms, a Clifford-valued q-form N = nA(q) ⊗ eA(q) left acts on Ψ as
N.Ψ = nA(q).ψI(p) ⊗ eA(q) ∧ e
I(p).
Another possible description for the Rarita-Schwinger equation can be given as
e ∗DΨ = 0
10
where e := ea ⊗ ea. The spin-3/2 inner product of two spinor-valued one forms for Ψ = ψa ⊗ ea and Φ = φb ⊗ eb is
< Ψ,Φ >=< ψa, φb > g(e
a, eb).
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